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Pavel Florensky (1882-1937) 
was a Russian Orthodox theolo-
gian, priest, philosopher, math-
ematician, and scientist. He is 
considered a polymath in the 
same way as Pascal or Leonar-
do. His book The Pillar and the 
Ground of Truth (1914) is widely 
seen as a masterpiece of Russian 
Orthodox theology. In 1933 he 
was sent to forced labor camps 
where, four years later, he was 
executed on false charges during 
the Soviet anti-religious purges of 
the 1930s.
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This is the first complete English 
translation of Pavel Florensky’s 
original and ambitious attempt to 
arrive at a geometric representa-
tion of imaginary numbers, in a 
context that had already captured 
the attention of other mathema-
ticians, including Gauss, Argan, 
Cauchy and Bellavitis. Florensky 
did not limit his attempt solely to 
complex projective geometry, but 
extended it to encompass Ptole-
maic-Dantean cosmology and 
Einstein’s Principle of Relativity, 
as well as a new epistemologi-
cal theory. The resulting treatise 
combines various disciplines and 
explores the relationship between 
an immanent realm of knowledge 
and a transcendent one. 
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“Having passed that point (which the Euclidean “crowd” has not seen up 
to now), i.e. having reached the end of their journey and having passed 
the center of the world, Dante and Virgil find themselves under the hem-
isphere opposite the one where “Christ was crucified” […]. After that 
point, Dante climbs Mount Purgatory and ascends further through the 
celestial spheres. Now the question arises: towards what?”
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MassiMiliano sPano

AFTERWORD:
PAVEL FLORENSKY’S ‘COMPLEX’ UNIVERSE

… it is true that a mathematician who is not somewhat of a 
poet will never be a perfect mathematician

Karl Weierstrass, ‘Letter to Sofia Kovalevskaya’ (27 August 1883)

1. A Speculative Mathematics

The text presented here is one of the most important mathematical 
writings among Pavel Florensky’s ‘scientific’ output.

It would be wrong, however, to consider this text in the same way as 
any of the other early-twentieth-century contributions to mathematics, to 
be included in the debate on the geometric representation of imaginary 
numbers or of functions of a complex variable. If we were to view this text 
solely from that particular angle, we would risk misunderstanding its deeper 
meaning, which is that of understanding humankind and the reality that 
surrounds us. We could perhaps call it a text of ‘speculative mathematics’, 
using the term to describe the ability of mathematics to reflect and refract 
its light over every field of human knowledge in Florensky’s work. The 
entire text, indeed, is permeated by this broader epistemological concern, 
and, as far as Florensky is concerned, mathematics casts an important light 
enabling every corner of epistemological problems to be explored.

Despite this, the majority of this text deals skillfully with purely 
mathematical matters.

In reality, this is a text that can and must be read in two directions: from 
the end to the beginning and from the beginning to the end. The dividing 
line between the two directions is perhaps the book’s most surprising 
assertion: the centrality of the Earth with respect to the universe. The 
history of how this text was compiled confirms this interpretation, but it 
is the contents that corroborate this statement even more than the events 
leading up to its publishing do. Thus, without the ending, the beginning 
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of the book cannot be fully understood, and, without the beginning, the 
ending leaves us disconcerted and perplexed.

Florensky opens his text with a brief summary of the status quaestionis 
on the representation of complex numbers as it stood at the beginning of the 
twentieth century. The issue must have seemed more or less obvious to an 
outstanding scholar of mathematics such as Florensky. For less gifted and 
specialized readers, however, the question must be taken up and presented 
once again.

By the time Florensky wrote his article in 1902, mathematicians had, 
on the whole, already agreed on the mathematical legitimacy of imaginary 
numbers. With regard to how these numbers should be represented 
geometrically, however, they struggled to find solutions that could be 
adapted to the numerous difficulties and new issues that ensued from their 
use.

Bear in mind that the first treatise on complex geometry to make any 
attempt to systematize the enormous volume of nineteenth-century studies 
on the matter did not appear until 1924, with the publication of Julian 
Lowell Coolidge’s work1.

2. The Argand-Gauss Plane

Mathematicians introduced the imaginary unit i = ±√−1 in order to solve 
equations of the type x2 + 1 = 0 2. It can be deduced from x2 + 1 = 0 that x2 = 
−1, i.e. x = √−1, but, as we know, in the set of real numbers (ℝ) it is not 
possible to extract the n-th root of a negative number with an even index. 
In order to resolve the problem, the idea was conceived of combining the 
usual real numbers with this new imaginary entity, i, giving rise to what 
would become known as complex numbers.3 The imaginary unit, when 
used in combination with real numbers, extends the set of ℝ to the set of 
all complex numbers (ℂ). A complex number is written algebraically4 in 

1 Julian Lowell Coolidge, The Geometry of the Complex Domain (Oxford: Oxford 
University Press, 1924).

2 As a result of the fundamental theorem of algebra, this type of equation allows for 
at least two solutions. None of these solutions, however, falls within the expressive 
potential of the set of real numbers.

3 Complex numbers were first introduced by the Italian mathematicians Niccolò 
Tartaglia and Gerolamo Cardano (Ars Magna, 1545) in their attempt to find 
algebraic solutions to cubic equations. 

4 The other two equivalent forms of expressing a complex number are the 
‘trigonometric’ or ‘polar’ form (z = r(cosφ + i sinφ)), and the ‘exponential’ form 
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the form a + bi, where a, b ∈ ℝ. The real number a is called ‘real part’ 
and the real number b is called the ‘imaginary part’. In the a + bi form, 
the complex number is a polynomial with real coefficients of a single 
indeterminate, i. Using this, it was possible to extend the rules for addition 
and multiplication that were already used for first-degree polynomials, and 
apply them to complex numbers.

The first studies on the possibility of representing imaginary numbers 
date back to the turn of the twentieth century. However, it was primarily 
through the work of Gauss (1777-1855) that imaginary numbers, along 
with their geometrical interpretation, took their rightful place in the world 
of numbers.

Florensky makes direct reference to a number of important 
mathematicians who contributed to these early efforts. These names 
represent more than a mere historical awareness of the issue, because they 
identify the reasoning that considered the specific geometric feature by 
which imaginary numbers could be represented was the orthogonality of a 
line with respect to the real line. It was the authority and genius of Gauss 
that then brought the ultimate confirmation and validation of this solution.

The question of whether imaginary numbers were admissible and could 
be represented geometrically were issues that had to be addressed and 
resolved in parallel. Humans instinctively believe in what they see, but 
beyond the psychological aspect, it must be recalled that right up until 
the end of the nineteenth century it was normal practice to solve and 
demonstrate mathematical questions by reducing them to their geometric 
basis. Even in 1847, Augustin-Louis Cauchy (1789-1857) still felt the need, 
insofar as imaginary numbers were concerned, to ‘replace this expression 
by means of geometric quantities, the use of which gives algebra not only 
clarity, a new precision, but also a greater generality’5.

Thus, in a more general attempt to justify the complete legitimacy of 
using negative and imaginary numbers, Abbé Adrien-Quentin Buée (1748-
1826) interpreted the expression √−1 as the sign of a purely geometric 
operation, namely as a sign of perpendicularity. This conviction was based 
on the fact that, while the negative numbers in a sequence indicate the 
opposite direction from a starting point compared to the positive numbers, 
the imaginary numbers, to Buée’s mind, indicate the quality of equidistance 
between two opposite numbers (+a, −a), just as √−1 expresses the geometric 

(z = r∙eiφ). 
5 Augustin-Louis Cauchy, Exercices d’Analyse et de Physique Mathématiques 

(Paris: Bachelier Imprimeur, 1847), Vol. IV, p. 175.
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mean between +1 and −1. The geometrical space that encompasses all the 
points that are equidistant from two opposites in the same given oriented 
line is, precisely, a line that is perpendicular to that line6.

This characteristic of perpendicularity to the real line was confirmed 
even when the analysis originated from purely geometric needs. The Italian 
mathematician Giusto Bellavitis (1803-1880) approached the issue of 
seeking a geometric means of representation for these new entities from 
the opposite viewpoint. Unlike Argand, Buée or Cauchy, he deduced the 
existence and legitimacy of imaginary numbers from geometric properties 
and as a result of these properties. The value √−1 would prove to be the 
value of the ratio of the inclination εα between vectors, set at επ ≅ −1 and 
ε2π ≅ 1 (where π represents an inclination of 180° and the sign ≅ represents 
equipollence). The segment that is perpendicular to a straight line (thus with 
an inclination of επ/2) will have a value of √−1 since (επ/2)2 = −1. For Bellavitis 
too, as for Buée or Cauchy before him, the geometric representation of the 
imaginary unit can be seen as a relationship between perpendicular lines. 
The fact that Bellavitis achieved his result by working with vectors and not 
with lines would prove to be fundamental. Ultimately, Bellavitis too noted 
that: ‘as long as their √−1  was a sign to which no idea could be connected, 
it had to be seen as an elegant process of calculation rather than as a true 
proof’7.

The operation carried out by Gauss consisted of extending the concept 
of a real line, the geometric place in which the whole set of real numbers is 
represented, to the entire plane:

‘Just as the whole field of all real quantities can be conceived by means of an 
infinite straight line, the whole field of real and imaginary quantities can also be 
conceived as an infinite plane in which every point, by means of the abscissa = 
a and the ordinate = b, represents the quantity a + bi. The possibility that x [in a 
function] can take the value a + bi can be seen by means of a line’8.

6 Adrien-Quentin Abbé Buée, ‘Mémoire sur les quantités imaginaires’, 
Philosophical Transactions of the Royal Society of London, 96 (1806), 23-88 (pp. 
29-30).

7 Giusto Bellavitis, ‘Memoria sul metodo delle equipollenze’, Annali delle Scienze 
del Regno Lombardo-Veneto, 7 (1837), 243-261 (p. 261).

8 Carl Friedrich Gauss, Über das Wesen und die Definition der Functionen, Letter 
from Gauss to Bessel 18.12.1811, Werke, (Göttingen, Leipzig and Berlin: Georg 
Olms, 1863-1933), Vol. 8, pp. 90-92.
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Thus, the Argand-Gauss plane9 describes a geometric space (an infinite 
plane) with a Cartesian coordinate system in which the x-axis (abscissa) 
represents the real axis, while the y-axis (ordinate) is where the imaginary 
numbers are represented (the imaginary axis, perpendicular to the x-axis).

A complex number z = a + bi is therefore represented as a point on the 
plane that is identified by its Cartesian coordinates on the x- and y-axes, as 
shown in Figure 1.

Just as there is a one-to-one correspondence between the set of real 
numbers and the points on the (one-dimensional) real line, there is also 
a similar correspondence between the set of complex numbers and the 
points on the (two-dimensional) complex plane. From a geometric point 
of view, the complex plane therefore represents a two-dimensional 
extension with respect to the real line. A complex number whose real part 
is equal to zero (0 + bi) represents a point on the vertical y-axis and is 
called purely imaginary. A complex number whose imaginary part is equal 

9 The complex plane is also known as the ‘Argand-Gauss plane’ after the names of 
its inventors, C.F. Gauss and Jean-Robert Argand (1768-1822), an amateur 
mathematician from Switzerland.
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to zero (a + 0i) lies on the horizontal x-axis (Figure 2). This method of 
representation would become the focus of specific criticism by Florensky.

The fact that the two-dimensional complex plane is the geometric place in 
which complex numbers are represented makes it possible to represent the 
latter as vectors. Each complex number (z = a + bi) is therefore associated 
with two other values; the values of modulus (r) and of argument or phase 
(φ), where r = √a2 + b2 and φ is the angle that the segment OZ ̅ ̅  forms with 
the positive real axis10 (Figure 3).

10 In the interval (−π, π], φ takes the following values: 
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Let us now consider a complex function w = f(z). In this function, both 
the independent (z) and the dependent (w) variables are complex numbers 
composed of a real part and an imaginary part: z = (a + bi), w = f(z) = 
f(a + bi) = u(a,b) + iv(a,b), where a, b, u(a, b), v(a, b) ∈ ℝ.

The representation of such a function requires a four-dimensional 
vector space ℝ4 which must represent the two functions u and v of the two 
variables a and b. This makes it impossible to plot the complex functions 
of a complex variable.

Nevertheless, it is possible to consider the real and imaginary parts 
separately, in such a way that the function is decomposed into its 
components u(a, b), v(a, b).

This decomposition allows each component of the complex function 
to be interpreted as a real function of two real variables (a, b). The 
overall representation of the function can therefore be obtained through a 
reduction ℝ4 → ℝ3. This means that every complex function w = f(z) can 
be represented by means of two three-dimensional graphs.

Let us take the case of a complex function f(z) = z2. By decomposing 
the complex number into its real and imaginary parts, we find that 
z2 = (a + bi)2 = a2 − b2 + 2abi, where (a2 − b2) is the real part and (2abi) is the 
imaginary part. In Cartesian coordinates, the function’s two components 
will therefore be given by u(a, b) = a2 − b2  and v(a, b) = 2ab. Since they 
are functions of two variables, they can be represented by means of a three-
dimensional graph (Figures 4 and 5).
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In the case of a function such as f(z) = z2, if we limit ourselves to 
representing the modulus (|z2|) and if we use a particular technique that 
assigns a color to each value of the phase φ of z2, we are able to obtain a 
unique representation of the function g(z) = |z2| in which both the values of 
the module (z-axis) and those of the argument (color scale) are represented 
(Figure 6).
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Clearly the function g(z) = |z2|, or in other words g(a + bi) = a2 + b2, does 
not correspond to f(z) = z2. In g(z), all the values have a null imaginary part, 
that is to say, g is, to all intents and purposes, a function with real values 
and the corresponding graph has been obtained by means of a reduction.

The limits of the geometric representation of the imaginaries on the 
Argand-Gauss plane also depend on the underlying concept of function. 
In the interpretation by Lejeune Dirichlet (1805-1859), which later became 
canonical, y is a function of x if a unique value of y corresponds to each x 
in a given interval from a to b. ‘A continuous function, when represented 
geometrically, or in other words when x and y are conceived as abscissas and 
ordinates, appears as a connected curve in which each value of the abscissa 
between a and b corresponds to only one point.’11 This interpretation of the 
concept of function remains valid as long as we remain within the domain 
of real numbers but becomes problematic if we wish to extend it to the 
domain of complex numbers. Let us consider, for example, the function 
f(x) = ∛x, x ∈ ℝ (Figure 7). According to Dirichlet, for any value assigned 
to x, the function will give a single value of y. So, for example, if we 
assume that x = 8, then f(8) = 2, since ∛8 = 2.

11 Peter Gustav Lejeune Dirichlet, ‘Über die Darstellung ganz willkürlichen 
Funktionen durch Sinus-und Cosinusreihen’, Repertorium del Physik 1 (1837), 
152-174; now in Gesammelte Werke, Vol. I (1889), (Chelsea, 1969), pp. 133-160, 
(p. 135).
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If we extend the domain of the function to the whole complex plane, 
however, then it follows that an expression such as f(z) = ∛z (where z ∈ ℂ) 
is an ambiguous expression since there are three complex numbers for 
which ∛8 = z , namely 2 + 0i; −1 + √3i; and −1 − √3i.12 In reality, if we 
exclude the number zero, every complex number has three cubic roots, 
which makes it impossible to give such a function a unique definition in the 
complex plane. It would simply not be possible to represent such a function 
on the Argand-Gauss plane.

Florensky refers to the fact that sometimes representing a complex 
number on the Argand-Gauss plane is insufficient, and that it is therefore 
necessary to use Riemann surfaces instead.

Unlike Dirichlet, Bernhard Riemann (1826-1866) hypothesized that 
a function did not simply indicate a unique relationship between two 
variables, but a distortion of the plane itself, adapting it to the expansion 
of its values. If ‘A’ indicates the complex plane in which each value of z is 
represented, then the function f(z) = w defines another plane ‘B’ in which the 
values of w are represented. Riemann interprets these new representations 

12 Such functions are called multivalued.
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on plane ‘B’ as if the plane ‘A’ were to undergo a deformation or distortion 
when its values are reassigned in accordance with the function (Figure 8).

In this way, the values assumed by the function can be placed in one-to-
one correspondence with the points on the complex plane.

For Florensky, the drawback of this conception is that the function is 
considered only in terms of content and not of form, in other words, it 
describes the fact that a certain value depends on another but without being 
able to describe the overall significance of the fact that these two values are 
interconnected. The study of functions would prove to be of fundamental 
importance for mathematics and physics throughout the 17th, 18th, 19th and 
20th centuries and would lead logically to the development of infinitesimal 
calculus and analysis. In the texts he wrote after 190213, Florensky would 
return again to the concepts of function and of ‘form’ in relation both to 
function and to numbers in general. The criticism of the idea conveyed 
by the concept of ‘continuity’ and of ‘analytic function’ would therefore 
be decisive in characterizing the epistemological contribution made, 
according to Florensky, by the new studies on mathematics14.

13 As previously noted in the introduction, this part of the Imaginaries was written 
in 1902.

14 Regarding the form of the function, see Pavel A. Florensky, ‘O tipakh 
vozrastaniya’ [On Ascending Types], Bogoslovskii vestnik, II, 7 (1906), 530-
568; also see Sochineniya v chetyrëkh tomakh (=SChT), A. Trubachëv, M.S. 
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One particular Riemann surface, called the ‘Riemann sphere’, is 
obtained by deforming the surface of the plane until it takes the shape of a 
sphere. The sphere thus obtained is a ‘topological invariant’ of the plane in 
which the fundamental topological properties do not change. The case of 
the Riemann sphere is important because this operation makes it possible 
to make the complex plane (which is infinite) into a ‘closed’ and ‘bounded’ 
space or, as they say in topology, a ‘compact space’.

Finally, the infinite expansion of the plane can be represented by 
assigning the value ‘∞’, i.e. infinity, to a point (a single point in the case 
of the Riemann sphere). This operation makes it possible to control, and 
therefore also to represent, the values of a function when they tend to 
infinity (Figure 9).

Trubachëva and P.V. Florensky (Eds.), Vol. 1, (Moskva: Myslˈ, 1994), pp. 281-
317. Regarding the shape of numbers, see Pavel A. Florensky, ‘Pifagorovy 
chisla’ [The Pythagorean Numbers], Trudy po znakovym sistemam, 5 (1971), 
24-34; see also SChT, Vol. 2, 1996, pp. 632-646. With regard to the criticism of 
the concept of continuity and convergence with Nikolai Bugaev’s concept of 
‘arithmology’, see Esther R. Phillips, ‘Nicolai Nicolaevich Luzin and the 
Moscow School of the Theory of Functions’, Historia Mathematica, 5 (1978), 
275-305; Sergei S. Demidov, ‘The Origins of the Moscow School of the Theory 
of Functions’, Technical Transactions/Czasopismo Techniczne, 1-NP (7) (2014), 
73-84; Sergei S. Demidov, ‘N.V. Bugaev i vozniknovenie Moskovskoi Shkoly 
teorii funktsii deistvitelˈnogo peremennogo’, Istoriko-Matematicheskie 
Issledovaniya, 29 (1985), 113-124 (French trans., ‘Bugaiev et la création de 
l’Ecole de Moscou de la théorie des fonctions d’une variable réelle’, Festschrift 
für Helmuth Gericke, (Wiesbaden-Stuttgart: Franz Steiner Verlag, 1985), pp. 
651–673; Sergei S. Demidov, ‘Saint-Pétersbourg et Moscou, deux capitales’, 
Claudio Bartocci and Piergiorgio Odifreddi (Eds.), La mathématique, Vol. 1: 
Les lieux et les temps, (Paris: CNRS Editions, 2009), pp. 683–703; Vladislav A. 
Shaposhnikov, ‘Filosofskie vzglyady N.V. Bugaeva i russkaya kulˈtura kontsa 
XIX - nachala XX’ [The Philosophical Visions of N.V. Bugaev and the Russian 
Culture of the Late 19th and Early 20th Century], Istoriko-Matematicheskie 
Issledovaniya, Second series 42/7 (2002) 62–91. Sergei S. Demidov, ‘O 
matematike v tvorchestve P.A. Florenskogo’ [On mathematics in the works of 
P.A. Florensky], M. Hagemeister and N. Kauchtschischwili (Eds.), P.A. 
Florensky i kulˈtura ego vremeni, (Marburg: Blaue Hörner, 1995), pp. 171-183; 
Vladislav A. Shaposhnikov, ‘Mathematics as the Key to a Holistic World View: 
The Case of Pavel Florensky’, Lateranum, 83/3 (2017), 535-562. 
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Complex space can be compactified through the ‘Neumann sphere’ (see 
Figure 10), which can be equated with the Riemann sphere. The Riemann 
sphere represents an extension of the complex plane (i.e. the complex plane 
itself, with addition of a point at infinity) called the extended complex plane 
(ℂ̂  = ℂ ∪ {∞}) or the complex projective line (ℙ1 (ℂ)).
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According to Florensky, the need for a ‘two-step process’ in the 
representation of the components of a complex function, or even the 
need to abandon the Argand-Gauss plane in favor of other forms of 
representations, reveals the inadequacy of this representation. In fact, the 
complex plane shows itself to be an adaptation of the usual representation 
of real functions and of the real numbers themselves. Indeed, the subtitle 
of the book (‘Extension of the Domain of Two-Dimensional Images in 
Geometry’) indicates that Florensky’s attention is focused on this case.

3. Florensky’s ‘Transparent’ or ‘Two-Sided’ Plane

Florensky based his observations on a principle of translation: not only 
is it impossible for any one translation to ever render the original perfectly, 
but different and equally effective translations can also be produced. The 
concept of translation that Florensky has in mind here should not be seen as 
a simple transposition of content from one language to another but rather as 
the means to render visible and accessible a content, which will nonetheless 
remain distinct and different from this means. In such terms, translation is 
closer to the concept of ‘conceptual model’ in which the model is always a 
reduction of the object being modeled. The geometrization of imaginaries 
already represents this transposition of planes.

There are two reasons that led Florensky to criticize the usual representation 
of complex numbers in the Argand-Gauss plane. The first evokes the 
observation Kant made regarding Leibniz’s principium indiscernibilium15, 
namely that the ultimate criterion that enables two (empirical) entities to be 
distinguished is their inability to occupy the same space. However, since 
Florensky wants to reassure the reader of the legitimacy of such criticism, 
this requirement is made to submit to a practical and legal principle: ius 
primi occupantis or in other words the right of the first occupant. The 
first occupant is Descartes, and the space occupied is the real plane. The 
geometric representation of real numbers is obtained through the real line. 
Descartes had used the entire plane determined by two real lines (the lines 
of the abscissa and ordinate) to represent any given numerical or algebraic 
expression in the field of real numbers16. What Descartes had obtained with 

15 Immanuel Kant, Critique of Pure Reason, Part II: Transcendental Analytic, Book 
II, Chapter III, Appendix.

16 At the time that Descartes was advancing his ideas (La géométrie, Appendix to 
Discours de la méthode, Leiyde 1637), the axes were not yet perpendicular to 
each other, and did not include negative values.
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two real lines, Gauss obtained by introducing the imaginary axis, but the 
geometric space thus produced (the complex plane) is qualitatively identical 
to the same real plane identified by Descartes. One might object that the 
field of complex numbers (ℂ) is simply an extension of the field of real 
numbers (ℝ ⊂ ℂ), and like any real number – such as ‘2’, for example – is 
just a complex number with a null imaginary part (2 + 0i). This aspect is 
also emphasized by the fact that the complex plane contains the real line 
(see Figure 1) where all the numbers that are represented have an imaginary 
part that is null (see Figure 2). There was therefore no need to think that they 
overlapped a space that was already occupied. In fact, this way of reasoning 
exposes what Florensky criticizes as lex continuitatis or the law of continuity, 
in accordance with which an order of increasing complexity can be linked 
directly to the preceding one and in essence attributed to it. For Florensky, on 
the contrary, every degree of complexity opens up a new world that breaks 
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double set, a twofold-extended set’, Florensky states [p. 23, §2]). Their 
geometric interpretation must be found in a space that is consistent with 
them, on the surface of the plane itself, which is two-dimensional. In 
the representation in the Argand-Gauss plane the ‘duality’ is provided 
by the system of the coordinates themselves. In Florensky’s view, there 
is a fundamental error here because an element of space (the plane) is 
being mistaken for space itself. The aim of geometry is to study space 
and its properties and not its derivatives (lines, points or surfaces). It is 
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interpretation must be ‘homogeneous’ with the very object of geometry, 
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In other words, the dual nature of the complex number tells us that it 
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in a flat space. It is not a matter of adding an additional dimension or infinite 
other dimensions to the usual space; instead, an intrinsically dual nature, 
which is polarized in depth and not simply and quantitatively extended, 
must be found for the geometric space.

What does Florensky mean by ‘homogeneity’, and what, ultimately, 
might be meant by a ‘double space’?

To illustrate his thinking, Florensky uses a linear algebra tool, namely 
the calculation of area, expressed through the determinant of a square 
matrix combined with the possibility of using this calculation to measure 
the geometric transformations of translation and rotation. In linear algebra, 
a matrix is an ordered table of elements, while the determinant is a value 
that has some algebraic and geometric properties. A matrix is said to be 
square if the number of its rows is the same as the number of its columns.

Let us consider a triangle ABC in which the vertices in a Cartesian plane 
are given by the coordinates: 

The triangle’s area SABC is obtained using Gauss’ formula: SABC = 1/2|∆|, 
where ∆ indicates the determinant of the matrix formed by the vertices of 
the triangle itself:

If we were to try to move or rotate this triangle, the measurement of 
the area should not change because it does not depend on its direction or 
positioning on the plane. However, this is not the case because the sign of 
the determinant changes from positive to negative (or vice versa) when the 
values in a row or a column of the matrix are exchanged with each other. In 
other words, if we rename vertex B as C and vertex C as B (see Figures 2 
and 3 in the text), we obtain the following matrix:

whose determinant (∆2) will take the value −∆1, and thus ∆2 = −∆1.

matrix is an ordered table of elements, while the determinant is a value that has some algebraic and 

geometric properties. A matrix is said to be square if the number of its rows is the same as the 

number of its columns. 

Let us consider a triangle ABC in which the vertices in a Cartesian plane are given by the 

coordinates:  

!(#!, %!), '(#", %"), ((##, %#).		 
The triangle’s area C578  is obtained using Gauss’ formula: C578 =	 !" |∆|, where ∆ indicates the 

determinant of the matrix formed by the vertices of the triangle itself: 
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-. 
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matrix: 

-
#!, %!, 1
##, %#, 1
#", %", 1

-, 

whose determinant (Δ") will take the value −Δ!, and thus Δ" = −Δ!. 

Why, Florensky wonders, has the value of the area changed sign, while its absolute value remains 

unchanged? 

If, after having renamed the vertices, we reconsider the triangle in the order of its vertices ABC, we 

will find that we now go around its perimeter in a clockwise direction rather counterclockwise. This 

is the geometric meaning that formal theory attributes to the change of sign. Florensky, however, 

wonders what meaning the change of direction might have if the reference was no longer a line, as 

in the case of the triangle’s perimeter, but rather its surface area. The two directions, clockwise and 

counterclockwise, are intrinsic to the reality of the line. The only possibilities of movement on a 

line are to move forward or backward, and in this way all its possible dimensions are defined. 

Forwards/backwards and clockwise/counterclockwise are therefore dimensions that are consistent 

with the line because they fully express its meaning. In the case of the surface, which expresses the 

geometric meaning of the area of a figure, these dimensions no longer occur because there is no 

single direction that can be set against another. The directions in which one can move across the 

area of the triangle are in fact infinite; this holds true even if one were to completely fill the area 

with a line, as happens in the case of the Peano curve33, since these curves too are also infinite in 

number (see Figure 4 in the text). The concept of clockwise/counterclockwise is therefore not 

consistent with the concept of surface area, and cannot be used to describe a property of the surface 

itself. 

 
33 Giuseppe Peano (1858-1932) was an Italian mathematician and logician. The ‘Peano curve’ is a curve that completely 
fills a surface. Since a curve is one-dimensional, it is counterintuitive that it can, for example, totally fill a flat surface, 
which is two-dimensional. 
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Why, Florensky wonders, has the value of the area changed sign, while 
its absolute value remains unchanged?

If, after having renamed the vertices, we reconsider the triangle in the 
order of its vertices ABC, we will find that we now go around its perimeter 
in a clockwise direction rather counterclockwise. This is the geometric 
meaning that formal theory attributes to the change of sign. Florensky, 
however, wonders what meaning the change of direction might have if the 
reference was no longer a line, as in the case of the triangle’s perimeter, but 
rather its surface area. The two directions, clockwise and counterclockwise, 
are intrinsic to the reality of the line. The only possibilities of movement 
on a line are to move forward or backward, and in this way all its 
possible dimensions are defined. Forwards/backwards and clockwise/
counterclockwise are therefore dimensions that are consistent with the line 
because they fully express its meaning. In the case of the surface, which 
expresses the geometric meaning of the area of a figure, these dimensions 
no longer occur because there is no single direction that can be set against 
another. The directions in which one can move across the area of the 
triangle are in fact infinite; this holds true even if one were to completely 
fill the area with a line, as happens in the case of the Peano curve17, since 
these curves too are also infinite in number (see Figure 4 in the text). The 
concept of clockwise/counterclockwise is therefore not consistent with the 
concept of surface area, and cannot be used to describe a property of the 
surface itself.

Thus, if consideration of the direction in which we pass through the 
triangle’s vertices is not a congruent criterion with respect to the change 
in sign of the area’s value, and if the area of the triangle together with the 
measurements of its sides or angles remain identical (isometry), we can 
assume that the change of sign of the area is due to the combined movement 
of the entire figure of the triangle. The movements are mathematically 
described by means of linear collineations, i.e. geometric transformations 
(projections) that maintain unchanged the distances, the magnitude of the 
angles, the relationship between the figures and the parallelisms.

17 Giuseppe Peano (1858-1932) was an Italian mathematician and logician. The 
‘Peano curve’ is a curve that completely fills a surface. Since a curve is one-
dimensional, it is counterintuitive that it can, for example, totally fill a flat surface, 
which is two-dimensional.
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Therefore, let:

be the matrix associated with a collineation mapped on the triangle with 
vertices xk, yk, zk (where k = 1,2,3) and area:

The area of the triangle will be given by the product of the determinants, 

where Δ' is the area of the transformed triangle, 

and M represents the values that parametrize the translation. If we 
initially consider only the case in which:

or in other words, if we consider only the triangle’s ‘true’ or ‘rigid’ 
motions, and not, for example, the distortions (in any isometry, the 
determinant must be ±1), then we note that the absolute value of the area 
remains constant, i.e.:

On the other hand, Florensky asserts, the value of the area cannot be 
negative, as long as the figure is made to move continuously along the 
plane. The figure must in fact pass through 0, but, Florensky claims, no 
area can equal 0. This does not occur, however, if we make the triangle 
overturn by 90° in a movement that involves a third dimension. In this case, 
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area changes sign, as shown by the fact that its vertices ABC now follow a clockwise direction (see 

Figure 5 in the text). Thus, if the order of its vertices changes direction only after being flipped 

over, then we must consider that this movement implies that the surface that was previously hidden 

from sight is now resting face-up on the plane and, conversely, that the surface that was previously 

visible is now hidden. The change of sign in the value of the area can therefore be attributed to this 

phenomenon. 
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and M represents the values that parametrize the translation. If we initially consider only the case in 

which: 

|= ∙ ;| = 1, 

or in other words, if we consider only the triangle’s ‘true’ or ‘rigid’ motions, and not, for example, 

the distortions (in any isometry, the determinant must be ±1), then we note that the absolute value 

of the area remains constant, i.e.: 

|Δ$| = 	 |Δ|. 
On the other hand, Florensky asserts, the value of the area cannot be negative, as long as the figure 

is made to move continuously along the plane. The figure must in fact pass through 0, but, 

Florensky claims, no area can no area can equal 0. This does not occur, however, if we make the 

triangle overturn by 90° in a movement that involves a third dimension. In this case, the triangle’s 

area changes sign, as shown by the fact that its vertices ABC now follow a clockwise direction (see 

Figure 5 in the text). Thus, if the order of its vertices changes direction only after being flipped 

over, then we must consider that this movement implies that the surface that was previously hidden 

from sight is now resting face-up on the plane and, conversely, that the surface that was previously 

visible is now hidden. The change of sign in the value of the area can therefore be attributed to this 

phenomenon. 

Florensky’s considerations with regard to the triangle are then extended to apply to any closed 

polygonal chain and even, at the limit, to any curvilinear area. 
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the triangle’s area changes sign, as shown by the fact that its vertices ABC now 
follow a clockwise direction (see Figure 5 in the text). Thus, if the order of its 
vertices changes direction only after being flipped over, then we must consider 
that this movement implies that the surface that was previously hidden from 
sight is now resting face-up on the plane and, conversely, that the surface that 
was previously visible is now hidden. The change of sign in the value of the 
area can therefore be attributed to this phenomenon.

Florensky’s considerations with regard to the triangle are then extended 
to apply to any closed polygonal chain and even, at the limit, to any 
curvilinear area.

Nonetheless, it was still the concept of homogeneity that would lead 
Florensky to his ultimate solutions. Indeed, we know that, in a geometric figure, 
the dimension of any surface area is two-times the dimension of the length18, i.e.:

However, S and L, or in other words, area and length, represent two 
different concepts: the first is one-dimensional and the second two-
dimensional. For that matter, Florensky had already specified the need to 
differentiate between units of measurement that are not the same as each 
other. Length is not the same as surface, and if we assign a value of ‘1’ 
to the length (the first dimension, as Florensky calls it), then on the basis 
of this value we would expect, using the above formula, that the surface 
would have ‘2’ as its second-dimension value. But this formula tells us that 
the value of S can only be positive, since any number multiplied by itself 
has a positive value, whereas the existence and geometric significance of 
areas with a negative value has been demonstrated. Let us consider the 
case of a square with a negative area, in which case we must assume that 
L = ±√−S = ±√S∙i, since we know that i = √−1. Specularly, we must say that 
the side of a square with a positive area is given by L = ±√S±√1. 

From this, Florensky concludes that, in measuring the surface area in 
relation to the length, the value |1| inherently appears under the radical 
symbol:

   (if +S)

   (if −S)

18 Paradigmatically, all we have to do is recall the case of the square, in which S = l2.
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In order to maintain the uniformity of the measurements of the values, it is necessary, therefore, to 

attribute the first-dimension value to the area and ‘a ½-dimension value to any segment on it 

because it is obtained by extracting the square root of 1’. 

A second consequence that Florensky deduces from his geometric vision is a new classification of 

imaginary numbers. 

The measurement of the side of a figure with a negative area will therefore necessarily be 

imaginary, since E = 	±√C ∙ J. The double sign tells us that it is possible to go around its perimeter 

in both directions. It lies entirely on the ‘underside’ of the plane and each of its points will have 

imaginary coordinates. For Florensky, a point is imaginary if both its coordinates are imaginary 

Ü^(FJ, IJ)å and it therefore does not lie on the ordinate axis, as occurs in the Argand-Gauss plane 

(see Figure 2). In fact, the complex numbers in this plane whose real part is equal to zero (0 + IJ) 
are called ‘purely imaginary’. Thanks to his new plane, Florensky can therefore come up with a new 

classification of imaginary numbers that clearly distinguishes them from complex numbers, which 

in turn are further distinguished from the semi-imaginary and semi-complex numbers. Although, in 

fact, the coordinates of a point in the plane can refer only to real, imaginary or complex numbers, in 

Florensky’s ‘transparent’ or ‘two-sided’ plane we can envisage nine possible combinations which 

give rise to six possible different geometric representations, in accordance with the classification 

provided by Florensky himself: 
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In order to maintain the uniformity of the measurements of the values, 
it is necessary, therefore, to attribute the first-dimension value to the area 
and ‘a ½-dimension value to any segment on it because it is obtained by 
extracting the square root of 1’.

A second consequence that Florensky deduces from his geometric vision 
is a new classification of imaginary numbers.

The measurement of the side of a figure with a negative area will 
therefore necessarily be imaginary, since L = ±√S∙i. The double sign 
tells us that it is possible to go around its perimeter in both directions. 
It lies entirely on the ‘underside’ of the plane and each of its points will 
have imaginary coordinates. For Florensky, a point is imaginary if both 
its coordinates are imaginary (R(ai, bi)) and it therefore does not lie on 
the ordinate axis, as occurs in the Argand-Gauss plane (see Figure 2). In 
fact, the complex numbers in this plane whose real part is equal to zero 
(0 + bi) are called ‘purely imaginary’. Thanks to his new plane, Florensky 
can therefore come up with a new classification of imaginary numbers 
that clearly distinguishes them from complex numbers, which in turn are 
further distinguished from the semi-imaginary and semi-complex numbers. 
Although, in fact, the coordinates of a point in the plane can refer only to 
real, imaginary or complex numbers, in Florensky’s ‘transparent’ or ‘two-
sided’ plane we can envisage nine possible combinations which give rise 
to six possible different geometric representations, in accordance with the 
classification provided by Florensky himself:

I. a, b  real points.

 a, bi 
II.    semi-imaginary points.
 ai, b 

III. ai, bi  imaginary points.

 a,  b+ci 
IV.     semi-complex points.
 a+di, b 

V. a + di, b + ci  complex points.
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 a+di, bi 
VI.     imaginary complex points.
 di, b+ci 

We noted earlier that the imaginary points (type III) and the respective 
figures lie completely in the ‘underside’ of the plane. Specularly, the real 
points (type I) will lie completely on the ‘upper’ side. If we imagine the 
‘two-sided’ plane as having a thickness or depth, this thickness can be seen 
as the limit to which the two faces would tend if we moved them indefinitely 
closer to each other, but without ever making them touch (see Figures 16, 17 
and 18 in the text). The semi-imaginary point (type II) is represented within 
this thickness, as a point located on the shared perpendicular between a 
line on the lower plane and a line on the upper plane when the distance 
between the two planes is reduced to zero with a limit transition. A semi-
complex point, with its real and semi-imaginary parts (type IV), will be 
found simultaneously ‘on the upper face of the plane and between its two 
faces’, like ‘a nail’, as Florensky describes it, that remains partly embedded 
in the wall and partly protruding. A mirror-image of the situation appears 
if we consider the complex imaginary points (type VI), which are located 
simultaneously both on the underside of the plane and within the layer of 
the plane. Finally, the complex point (type V) ‘combines within itself all 
the (four) different kinds of points’, expressing all the possibilities of the 
real, semi-complex, semi-imaginary and imaginary points. It will therefore 
be located within the thickness between the two planes but will also be 
located simultaneously on the two under and upper planes. We can imagine 
it ‘as a peg piercing the whole layer and coming out on its other side’19 
(see Figure 27 in the text). Thus a line that passes through two complex 
points would perforate the plane, whereas a line passing through two semi-
complex points or two complex imaginary points would create a groove on 
the plane’s top or bottom face, respectively.

Florensky provides various examples in the fields of physics and 
mathematics. It is necessary here to keep these examples, especially those 
in the field of physics, for the purpose of illustration: on the one hand 
they demonstrate the possibility of organizing the phenomena observed 
within a better interpretative framework, while on the other they reveal 
the unexceptional nature of his interpretation. However, we should not see 
such examples in a revelatory or symbolic sense, as if the phenomena he 

19 The quotations are all from § 6 of the text, on p. 39.
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examines constitute, by their very nature, evidence of the possibility or 
existence of other potential meanings.

There is one element that Florensky seems to consider only briefly here, 
but which will become more important later on in the article. There is in 
fact another way of looking at the phenomenon of the negative area of the 
figures. Rather than considering the different side that the figure offers to 
the gaze, we could consider that it is the observer who looks at the figure 
from a different position (plane polarity). We would thus obtain the same 
results by changing the observer’s viewpoint rather than rotating the figure.

The change of viewpoint is what drives and links the two parts of 
the text, and makes it possible to extend the mathematical theory on the 
complex plane to the world of physics and the world of values. In fact, all 
these viewpoints tell us that the human world, as becomes increasingly 
clear in the conceptualizations of mathematics, geometry, physics or 
theology, seems ‘double’ to us, but not separate or foreign. This ‘double-
nature’ indicates the discontinuity of the two faces in the sense of reversing 
and inversing not just the viewpoints but also the numerical, topological, 
physical and even moral values. The transition from one dimension to 
another is possible by changing perspective. In this further transition, 
the guides are, on the one hand, Dante, and, on the other, Einstein’s new 
physics of relativity, both of which are signs of the modernity of the new 
concepts with regard to the positivistic and materialistic, ‘flat’ and one-
dimensional interlude.

4. Dante’s Universe and Einstein’s Relativity

Florensky studies the journey through Inferno and Purgatory described 
by Dante in the Divine Comedy. When Dante and Virgil leave Hell and 
continue into Purgatory (Inferno XXXIV, 92-94) at the center of the Earth, 
they turn upside-down and continue upwards in a straight line towards 
the mountain of Purgatory, before heading for Paradise. At the end of the 
journey, Dante will find himself back at the starting point (Florence) in the 
same upright position as he had when he left and without having carried 
out his journey in reverse. Based on the fact that the journey took place 
in a straight line (Dante does not move across the spherical surface of the 
terrestrial globe but crosses it perpendicularly) and that, having turned 
upside-down only once, he returns to the starting point with his feet pointing 
in the same direction as when he left, Florensky argues that the geometry 
that Dante surmises when he describes the world is not Euclidean. The path 
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that is followed assumes a single-sided surface (because otherwise, after 
having turned upside-down, he would not have found himself in the same 
position) and a closed, finite space, since by always advancing in a straight 
line he finds himself back at the starting point. Florensky concludes that 
Dante is using a non-Euclidean type of geometry. The particular type of 
surface that satisfies these conditions can be found primarily in a Riemann 
plane and a unilateral surface – i.e. a surface that has only one side – since it 
turns a perpendicular that moves along it upside-down. All these conditions 
refer to a particular type of non-Euclidean geometry called ‘elliptical’, 
which was developed by Riemann, and an example of which is the spherical 
surface. However, since the spherical surface has two hemispheres, or in 
other words, since it is bilateral, the plane which Florensky refers to must 
be the elliptical plane, which is unilateral, and which was devised by the 
mathematician Felix Klein (1849-1925). An example of this type of surface 
is the so-called ‘Möbius strip’ (see Figure 11).
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Florensky appears to find confirmation of Dante’s anticipated geometric 
shape of the universe from Albert Einstein’s Theory of Relativity, which had 
emerged only a short time earlier. It is a well-known fact that, in that theory, 
space is considered to be curved (elliptical) and finite. In his reasoning, 
Florensky compares the ‘Copernican system’ (the direct rival and victor in 
comparisons with the ‘Ptolemaic-Dante’ system) on the one hand, and the 
system deriving from Einstein’s Theory of Relativity, on the other. The facts 
he considers date back to the failure of the Michelson and Morley experiment 
carried out between 1881 and 1887. These two American scientists aimed 
to establish the existence of the postulated ‘luminiferous ether’, a physical 
medium through which the various electromagnetic waves were thought to 
be propagated in space. The experiment was based on the differences that 
were expected to be detected when measuring the speed of a beam of light 
deflected in two different directions; it was assumed that such differences 
would derive from the combination of the speed of light and of the speed of 
the Earth. The experiment, which of course did not prove the existence of 
such a substance, was unable to detect any difference in the speed of light 
even though the measurement system, which was positioned on the Earth, 
was itself in motion. Since the Earth undeniably moves, the experiment 
was intended to lay the foundations for the theory of the invariance of the 
speed of light. In Newtonian physics, any absolute value of motion can in 
fact be measured if one has the absolute coordinates, space and time. We 
know that in relativistic physics these ‘fixed-coordinate axes’ fail, so that, 
according to Florensky, it is impossible to determine absolutely whether a 
body is at rest or is moving with a uniform rectilinear motion. ‘The indirect 
consequence [of Michelson’s experiment] is that this addition, namely the 
affirmation of the notion of uniform rectilinear movement, lacks any kind 
of detectable sense’ (see the text on page 59). Regarding the equivalence 
of rest and uniform rectilinear motion, as far as the special principle of 
relativity is concerned the direct consequence of this experiment is that 
‘there is not, and in principle there never can be, any evidence of the Earth’s 
rotation’ (see the text on page 60). Since there is no absolute reference 
system, we can perceive only a relative movement, because in this system 
the observer is also always affected by the same movement. The motion of 
a non-inertial (i.e. accelerated) system can in fact be detected with respect 
to an inertial reference system. Even the Earth is considered, with relative 
accuracy, to be an inertial frame of reference. However, while the latter 
does not differ from the state of rest compared to the measurement of the 
speed of light (which is constant), there is no way to know whether the 
Earth is in a state of rest or is in motion. This can ultimately be extended 
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to the measurement of the (apparent or real) motion of the entire universe 
compared to the Earth’s revolving motion, which Foucault’s experiment 
claimed to have demonstrated.

Thus, it was necessary to draw the most reasonable conclusion from 
the failure of Michelson and Morley’s experiment, namely that the Earth 
is immobile and that, consequently, the entire universe revolves around 
it. While these results are confirmed by both the special and the general 
Theory of Relativity (despite the fact that the general theory merges gravity 
and inertia), the same theory would, in other respects, make the idea of 
a mobile universe that revolves around the Earth as if it were on a pivot 
untenable. This impossibility appears to originate from the ‘principle of 
the cosmic speed limit’ contained in special relativity. In fact, nothing can 
exceed the constant speed of light, which is equal to 3 ∙ 1010 cm/sec. If the 
Earth were in fact motionless and were to represent the hub of rotation of 
the entire universe, then, based on the observable movements, we would 
have to conclude that the universe is moving at a speed that is immeasurably 
greater than that of light. This speed would in fact be the speed required 
to make the rotation around the Earth compatible with the observable 
positions of the stars. This, too, Florensky sees instead as confirmation of 
the Ptolemaic system. It must be recalled, first of all, that the geocentric 
astronomical view is called Aristotelian-Ptolemaic because it included 
not only Ptolemy’s astronomy but also Aristotle’s physics. According to 
Aristotle, the distinction between the earthly world and the celestial world 
was not only a matter of the position occupied by the objects, but also 
implied qualitative physical differences. Space was not in fact uniform 
and homogeneous, as in Newtonian physics, but was split into two main 
regions, each governed by its own particular physical and causal laws. The 
earthly sphere (or sublunary sphere) ended with the sphere of fire. Above 
this was the sphere of the moon, from which the celestial world extended 
and which ended with the sphere of the fixed stars. The Christian Middle 
Ages would move the boundary of the earthly world to the tenth sphere, 
beyond which resided God, the angels and the blessed. This last region 
of the world was called the ‘Empyrean’, and was no longer concentric 
around the Earth but around God himself. The fact that the speed of light 
is the maximum speed that can be reached in this order of things, i.e. in 
the physical world known to us, means simply that a world in which the 
speed of light can be exceeded is a completely different world from the 
one we know. The fact that the universe travels at speeds greater than 
the speed of light means that it truly represents a region of the world in 
which the physical laws of our world do not apply, and this tallies with the 
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Aristotelian-Ptolemaic system. Florensky even manages to calculate the 
radius of the breadth of this terrestrial world. Considering that, since the 
circumference (C) is known, the measurement of the radius (R) is given by 
the ratio R = c/2π, the radius of the terrestrial zone will be given by

i.e. the value of the radius of the circumference that has a measurement 
equal to the sidereal day, multiplied by the speed of light expressed in km/s. 
From a Ptolemaic perspective, with an unmoving Earth, the sidereal day 
indicates the time taken for the firmament of the stars to make a complete 
circle around the Earth. This value, given in seconds, is multiplied by the 
space traveled by light in one second in order to calculate the maximum 
distance that can possibly be traveled in the span of time determined by 
the sidereal day. Florensky calculates the radius of this circumference to 
be 27,522 times the average distance of the Earth from the Sun. However, 
since it is the Earth that is at the center of the universe, in order to position 
the center of the circumference on the Earth it is necessary to subtract 
from it the same distance as that which separates it from the Sun, in other 
words, it is necessary to subtract one astronomical unit from it. The end 
result is that, from Earth, the distance to the edge of the earthly sphere is 
approximately 26,5 astronomical units. This radius places the boundary of 
the earthly sphere between the orbits of Uranus and Neptune. For Florensky, 
this distance offers further confirmation of the Ptolemaic universe since 
the eighth sphere, that of Saturn, the last planet visible to the naked eye, 
precedes the Crystalline sphere (the ninth sphere) and the Primum Mobile 
(the tenth and last sphere before the Empyrean, see Figure 12). Its boundary, 
coming after the orbit of Saturn, would therefore roughly confirm the 
ancient boundary of the ‘earthly zone’ of the universe. Within this radius, 
objects still manage to travel along the perimeter described by the sidereal 
day at a slower speed than that of light and with ever-increasing speed as 
the radius of their orbits increases. Once this perimeter has been passed, 
it is necessary to have a speed greater than the speed of light in order to 
complete the same path. But what could this celestial area of the sphere 
possibly represent?
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In accordance with the theories of Special Relativity, Florensky takes 
the ‘Lorentz factor’ as a reference to describe the very particular conditions 
in which matter exists beyond the earthly sphere. The Lorentz factor ‘γ’ is 
defined as

where 

universe, in order to position the center of the circumference on the Earth it is necessary to subtract 

from it the same distance as that which separates it from the Sun, in other words, it is necessary to 

subtract one astronomical unit from it. The end result is that, from Earth, the distance to the edge of 

the earthly sphere is approximately 26,5 astronomical units. This radius places the boundary of the 

earthly sphere between the orbits of Uranus and Neptune. For Florensky, this distance offers further 

confirmation of the Ptolemaic universe since the eighth sphere, that of Saturn, the last planet visible 

to the naked eye, precedes the Crystalline sphere (the ninth sphere) and the Primum Mobile (the 

tenth and last sphere before the Empyrean, see Figure 12). Its boundary, coming after the orbit of 

Saturn, would therefore roughly confirm the ancient boundary of the ‘earthly zone’ of the universe. 

Within this radius, objects still manage to travel along the perimeter described by the sidereal day at 

a slower speed than that of light and with ever-increasing speed as the radius of their orbits 

increases. Once this perimeter has been passed, it is necessary to have a speed greater than the 

speed of light in order to complete the same path. But what could this celestial area of the sphere 

possibly represent? 
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c = the speed of light and v = the relative speed of the reference system 
at time t. In this equation, a fundamental part is played by the ratio between 
the speeds on which the relativistic effects depend:

  .

Depending on whether the body’s speed v is less than, equal to, or greater 
than the speed of light c, β will be real, null or imaginary, respectively. 
In the formulas in physics, those formulas whose values do not provide 
real numbers are generally not considered to be descriptive of a given 
phenomenon. In this respect, the Lorentz transformations for v ≥ c are 
meaningless in physics and this means that no body that has a mass can 
move at speeds equal to or greater than that of light. Florensky does not 
question this condition but interprets it as meaning that everything that 
obeys this limit is part of our earthly world. Anything that travels at higher 
speeds obviously does not belong to this type of world. In some way, these 
objects still lend themselves to being described by relativistic formulas or, 
rather, the relativistic formulas allow us a glimpse of the celestial world.

The Lorentz factor is fundamental in the formulas of relativistic physics 
because it makes it possible to calculate the variations in magnitudes such 
as length, time and mass (phenomena known as ‘length contraction’, ‘time 
dilation’ and ‘relativistic mass’). Thus the length L of a body contracts in 
the direction of motion in accordance with the formula

where L0 indicates the length of a body in a state of rest; the interval 
of time Δt between two events, measured by an observer in motion with 
respect to it, will be given by the formula 

and finally the relativistic mass m, in its relationship with the rest mass 
m0, is described as follows: 

universe, in order to position the center of the circumference on the Earth it is necessary to subtract 

from it the same distance as that which separates it from the Sun, in other words, it is necessary to 

subtract one astronomical unit from it. The end result is that, from Earth, the distance to the edge of 

the earthly sphere is approximately 26,5 astronomical units. This radius places the boundary of the 

earthly sphere between the orbits of Uranus and Neptune. For Florensky, this distance offers further 

confirmation of the Ptolemaic universe since the eighth sphere, that of Saturn, the last planet visible 

to the naked eye, precedes the Crystalline sphere (the ninth sphere) and the Primum Mobile (the 

tenth and last sphere before the Empyrean, see Figure 12). Its boundary, coming after the orbit of 

Saturn, would therefore roughly confirm the ancient boundary of the ‘earthly zone’ of the universe. 

Within this radius, objects still manage to travel along the perimeter described by the sidereal day at 

a slower speed than that of light and with ever-increasing speed as the radius of their orbits 

increases. Once this perimeter has been passed, it is necessary to have a speed greater than the 

speed of light in order to complete the same path. But what could this celestial area of the sphere 

possibly represent? 

 

 

 

In accordance with the theories of Special Relativity, Florensky takes the ‘Lorentz factor’ as a 

reference to describe the very particular conditions in which matter exists beyond the earthly 

sphere. The Lorentz factor ‘γ’ is defined as ê = !
H!AI#, where x = 2

J, c = the speed of light and 

v = the relative speed of the reference system at time t. In this equation, a fundamental part is played 

by the ratio between the speeds on which the relativistic effects depend x = ë1 − 2#
J#. Depending on 

whether the body’s speed v is less than, equal to, or greater than the speed of light c, β will be real, 

null or imaginary, respectively. In the formulas in physics, those formulas whose values do not 

provide real numbers are generally not considered to be descriptive of a given phenomenon. In this 

respect, the Lorentz transformations for U ≥ L are meaningless in physics and this means that no 

body that has a mass can move at speeds equal to or greater than that of light. Florensky does not 

question this condition but interprets it as meaning that everything that obeys this limit is part of our 

earthly world. Anything that travels at higher speeds obviously does not belong to this type of 

world. In some way, these objects still lend themselves to being described by relativistic formulas 

or, rather, the relativistic formulas allow us a glimpse of the celestial world. 

The Lorentz factor is fundamental in the formulas of relativistic physics because it makes it possible 

to calculate the variations in magnitudes such as length, time and mass (phenomena known as 

‘length contraction’, ‘time dilation’ and ‘relativistic mass’). Thus the length L of a body contracts in 

the direction of motion in accordance with the formula E = êA!EK = EKë1 − 2#
J#, where EK indicates 

the length of a body in a state of rest; the interval of time Δt between two events, measured by an 

observer in motion with respect to it, will be given by the formula ΔZ = êΔZK = L(/
M!A0

#
1#

; and finally 

the relativistic mass m, in its relationship with the rest mass m0, is described as follows: w =
êwK =	 !
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#
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wK. Depending on whether the factor x = ë1 − 2#

J# is located in the formula’s 

numerator or denominator, Florensky sums up the three formulas according to the following ratios: 

β: 1 for the direction of motion and 1: β for time and mass. When v = c, i.e. when the bodies travel 

at the speed of light, β = 0. ‘Consequently’, Florensky declares, ‘the length of any body at the 

border between Earth and Heaven becomes equal to zero, the mass is infinite, and its time, as 

observed from the outside, is infinite. In other words, the body loses its extension, passes into 

eternity and acquires absolute stability’. These are the conditions that the Platonic tradition 

attributed to divine ideas, that the Aristotelian tradition attributed to pure forms and the Christian 

tradition attributed to angelic intellects, which in the Bible were equated to the firmament (‘the 

celestial army that can be seen from the Earth in the form of stars’). Beyond this limit, when v > c, 

or in other words when bodies travel at a speed greater than the speed of light, β becomes 

imaginary. In order to explain what condition such a value corresponds to, Florensky turns to the 

geometric representations of imaginaries presented in the first part of the book. Just as the 

imaginaries were depicted in the lower side of the plane, in a mirror image compared to the real 

upper plane, with a negative area and an opposite course around the perimeter, so in this region of 

the world, ‘time flows in the reverse direction, so that the effect precedes the cause’ and the length 

and mass of the bodies become imaginary. We do not have enough direct experience to be able to 

imagine what an imaginary body could be, but the Aristotelian-Dante tradition has instead 

suggested how we can interpret the inversion of the sequence of cause and effect. Efficient or 

mechanical causality, the causality that controls the metaphysics of physical laws, does not provide 

for the possibility that the effect may precede its cause. For this to happen, we need to consider 

another type of causality, final causality. The desired goal is in fact what causes the movements that 

are directed towards it before it is accomplished. The goal to be reached is what drives the actions 

that have not yet attained it. As the object of love, it is God who moves the heavens, as Aristotle 

said (Metaphysics XII 7, 1072b3-4). This is what leads Florensky to characterize the celestial world 

as the ‘realm of goals’. The parallel with Florensky's ‘two-sided’ plane does not omit to consider 

the ‘thickness at the limit’ of the plane. As a place of transition from the real to the imaginary, it 

represents the phase in which ‘space breaks at velocities that exceed the speed of light’, and in 

provide real numbers are generally not considered to be descriptive of a given phenomenon. In this 

respect, the Lorentz transformations for U ≥ L are meaningless in physics and this means that no 
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Depending on whether the factor 

is located in the formula’s numerator or denominator, Florensky sums up 
the three formulas according to the following ratios: β: 1 for the direction 
of motion and 1: β for time and mass. When v = c, i.e. when the bodies 
travel at the speed of light, β = 0. ‘Consequently’, Florensky declares, ‘the 
length of any body at the border between Earth and Heaven becomes equal 
to zero, the mass is infinite, and its time, as observed from the outside, is 
infinite. In other words, the body loses its extension, passes into eternity 
and acquires absolute stability’. These are the conditions that the Platonic 
tradition attributed to divine ideas, that the Aristotelian tradition attributed 
to pure forms and the Christian tradition attributed to angelic intellects, 
which in the Bible were equated to the firmament (‘the heavenly hosts that 
can be seen from the Earth in the form of stars’). Beyond this limit, when 
v > c, or in other words when bodies travel at a speed greater than the speed 
of light, β becomes imaginary. In order to explain what condition such a 
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tradition attributed to angelic intellects, which in the Bible were equated to the firmament (‘the 

celestial army that can be seen from the Earth in the form of stars’). Beyond this limit, when v > c, 

or in other words when bodies travel at a speed greater than the speed of light, β becomes 

imaginary. In order to explain what condition such a value corresponds to, Florensky turns to the 

geometric representations of imaginaries presented in the first part of the book. Just as the 

imaginaries were depicted in the lower side of the plane, in a mirror image compared to the real 

upper plane, with a negative area and an opposite course around the perimeter, so in this region of 

the world, ‘time flows in the reverse direction, so that the effect precedes the cause’ and the length 

and mass of the bodies become imaginary. We do not have enough direct experience to be able to 

imagine what an imaginary body could be, but the Aristotelian-Dante tradition has instead 

suggested how we can interpret the inversion of the sequence of cause and effect. Efficient or 

mechanical causality, the causality that controls the metaphysics of physical laws, does not provide 

for the possibility that the effect may precede its cause. For this to happen, we need to consider 

another type of causality, final causality. The desired goal is in fact what causes the movements that 

are directed towards it before it is accomplished. The goal to be reached is what drives the actions 

that have not yet attained it. As the object of love, it is God who moves the heavens, as Aristotle 

said (Metaphysics XII 7, 1072b3-4). This is what leads Florensky to characterize the celestial world 

as the ‘realm of goals’. The parallel with Florensky's ‘two-sided’ plane does not omit to consider 

the ‘thickness at the limit’ of the plane. As a place of transition from the real to the imaginary, it 

represents the phase in which ‘space breaks at velocities that exceed the speed of light’, and in 
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that exceed the speed of light’, and in which a body, when reduced to zero, 
‘sinks through the surface that bears the corresponding coordinate, turns 
back on itself, and as a result acquires imaginary characteristics.’

5. Beyond the Limit 

Having read this very particular text by Florensky, one question seems 
valid: what truth value should we assign to these observations? Did Dante 
actually use and anticipate a non-Euclidean geometry in describing his 
journey to the underworld and his climb back up to purgatory? Should we 
consider that an afterlife exists that is characterized by these possibilities? 
Is the universe closed and finite, and, above all, can we still assert 
today that the Earth stands still and the whole universe revolves around 
it? The question involves the concept of truth and verifiability and this 
consideration alone would lead us to extend our discussion beyond the 
intent of the current text. Certainly, no-one with a minimum of scientific 
and astronomical knowledge could disbelieve nowadays that the Earth 
moves through space beyond any reasonable doubt, or that the sidereal 
distances Florensky calculated are very small compared to those we know. 
On the other hand, Florensky is a man of science as well as a man of faith, 
and there is no reason to think that he should be excused by some sort of 
accommodating interpretation. Of course, we should bear in mind the fact 
that the first part of Imaginaries was written in 1902, whereas Florensky 
added the last part only in 1922. If we consider that the theory of Special 
Relativity appeared in 1905 and that General Relativity was published in 
1916, or if we consider that, prior to the observations made by Edwin Hubble 
on Mount Wilson in 1923-24, there was still no knowledge of the existence 
of other galaxies beyond the Milky Way, which therefore represented the 
entire known universe, and thus if we take these dates into account we 
cannot help but be surprised, at the very least, at Florensky’s ability to not 
only understand and assimilate the latest frontiers of scientific thought but 
also to be at such ease with them that they work as confirmation of his 
views of the world in general. We must take his thought as he gives it to us, 
but we must interpret it in the light of his entire conceptual thinking. Here, 
as elsewhere, Florensky speaks of perspective or viewpoint; the two faces 
of the plane of the imaginaries put the observer’s viewpoint in opposite 
positions, the transition from the earthly to the celestial sphere is preceded 
by a radical change of perspective, a reversal that is above all a conversion 
resulting from his own and others’ journey into hell. Moreover, it cannot be 
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denied that from the point of view of perspective, as long as man inhabits 
the Earth and makes his observations from here, the Earth is in truth the 
center of the universe. Any other consideration presumes an abstraction not 
unlike the abstraction of absolute time and space. The temptation to escape 
from a knowledge or scholarship that does not begin with the subject and 
the recipient of this knowledge, or, in other words, begin from an absolute 
point of view that claims to express its views from outside mankind himself, 
is no less alienating than considering that the Earth is motionless and lies 
at the center of the universe. The Earth truly is at the center of the universe 
from this point of view; it is the heart of the universe because it is inhabited 
by mankind and all our knowledge about the universe revolves and must 
in truth revolve around this pivot or it risks being merely abstract and 
inhuman erudition. The centrality of mankind, however, is only a starting 
point, because in our spiritual journey to knowledge mankind reaches that 
limit where the viewpoints are overturned.

The ‘beyond’ exists because there is a limit. The limit is the border that 
marks out two kingdoms, each with their own laws and prohibitions. The 
limit is also the condition for discontinuity.

In a mathematical sense, the limit is anything that tends towards 
something that exists without ever reaching it because the kingdom from 
which it sets out has its own laws that prevent progression until a point or 
numerical value has been reached.

This idea of limit tells us that it behaves more like an indication of the 
existence of an elsewhere than as the negation of this existence. Just as a 
wall or a hedge reveals to me the existence of an elsewhere, rather than 
excluding it.

The Florenskian limit is therefore more like an open door than the 
recognition of an impossibility. Claiming the limit to be absolute entails 
denying the existence of an elsewhere. In the same way, denying the 
existence of the limit means not seeing any elsewhere.

Although the constant of light is an absolute physical limit, this means 
that physicality is governed by clearly identifiable laws, but if it were not 
possible to exceed the speed of light there would be no ‘elsewhere’ from 
the physical. Bear in mind, I do not say exceeded ‘physically’, because then 
there would no longer be limits or the limit, but conceptually exceeded, i.e. 
recognizing that the realm of the physical has a limit that governs it and 
within which it operates. The existence and recognition that a limit exists 
within which one is defined does not mean living within the confines of a 
prison, but knowing that there is something different. If I move or break 
down the dividing wall, I eliminate all ‘elsewheres’, if I can climb over the 
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wall from one side to the other then it is no longer a limit, if I see no wall, 
I am forever imprisoned in what I see.

Therefore, given that the forms of mathematics or the laws of physics 
impose the existence and meaning of this limit on us as a condition of their 
development, how can I obtain an understanding of any given content that, 
by its nature, must remain beyond the limit, i.e. unavailable? If we think 
about the mathematical limit, it can be conceived in two opposite directions, 
converging towards a point called the accumulation point. The latter 
represents the limit for both opposite directions. Florensky characterizes 
the limit’s ‘beyond’ as causally inverted, and we have seen how Florensky 
extensively uses the characterizations of classical metaphysics in picturing 
this inversion. The driving force as the final goal is first in importance but 
is the last to be possessed. What makes it present and effective is the desire 
to attain it.

Every desire is in fact a desire for the missing object, an intermediate 
place between presence and absence because the desire imagines what 
the eye cannot see. God moves the first sphere with desire and all the 
others move in consequence. What falls into our field of vision is always 
a sign of that which cannot be seen, it is a vestige of the desire for an 
elsewhere. Desire is nostalgia for the absent object, and nostalgia, even in 
its etymology, is the memory of the lost homeland. This elsewhere is, by 
its nature, purely imagined and invisible, only its vestiges are visible and 
its make-up is an iconic sign. Florensky thus interprets the relationships 
between real, complex and imaginary numbers, tracing them as they 
represent the need to go elsewhere. Because it is in this ‘elsewhere’ that the 
destinies and the sense of what is important for all mankind are played out.

The Earth cannot be anywhere else but at the center of this mystical 
universe, because it is from here that everything starts.

From this perspective, the mathematical aspects of this work might 
seem redundant, or even useless, but this was not so for Florensky, for 
at least three reasons. The first is because, in all this, it is reason, and not 
desire, that takes the lead. The second is that things mutually illuminate 
each other in a profound unified vision in which everything holds together 
and it seems that nothing must be lost. And the third reason is that there 
exist doors that allow you to glimpse inside hidden rooms, without which 
no light would be possible. For Florensky, the mathematical world and the 
physical world are both worlds that are inhabited by mankind, and in which 
mankind sees the signs of those limits that are capable of demonstrating 
the depth of an act of transcending, as long as there is a radical change of 
perspective.




